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Model Predictive Control

Principe Général
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4 Plant Model

| Permet de prédire les sorties futures

Optimizer

Détermine a chaque instant k
les commandes futures a partir
des sorties prédites et des contraintes

Minimisation d’une fonction « cotit »

Horizon Fuyant

At =k, seule la premiére commande
u(k) est appliquée et optimisation est
faite a nouveau au coup suivant



Model Predictive Control

Principe Général de optimisation
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Minimiser la surface hachurée ainsi que l’énergie

de la commande u(t) poury parvenir



Model Predictive Control

Avantages / (PID ou autres lois de commande)

e gsystemes SISO ou MIMO voir les 2 Applications

e prise en compte possible de contraintes lors de l'optimisation (bornes, gradients)
sur la commande
sur létat
sur les sorties

o gestion de la sensibilité de la commande au bruit de mesure

» possibilité de traiter des perturbations de natures différentes des échelons (seul cas
traité par le PID) - 2 ex : perturbation harmonique

Caractéristiques
* basé sur les modeles E/S (fonction de transfert) ou le modele d’Etat
e [inéaire (Commande Prédictive a un pas, GPC) ou non — linéaire (N-MPC)

* dans le cas LTI sans contraintes, pas besoin d’optimiser a chaque pas, on peut
trouver le régulateur LTI hors ligne




Quelques applications et ordre de grandeurs temporelles

Q Computer control ns
us Power systems

Traction control ms

Seconds BUl|d|ngS

Refineries Minutes

Hours Nurse rostering

Train scheduling Days

Weeks Production planning = )




Application SISO et MIMO (2X2)

preform

Furnace

. |

L I —d  fald in the fiber

] e

B

Fiber tecatment

Boucle SISO
Entrée : vitesse d’enroulement (capstan)
Sortie : diameétre de la fibre
(précision pym)
Boucle MIMO
Entrées : vitesse de descente préforme
puissance de chauffe du four
Sorties : vitesse de fibrage

tension de la fibre
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Outline
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I Introduction

II Linear optimal prediction

ITI One step ahead predictive control
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Some mathematical définitions

t=kT, =)  x(t) 2 x(kT,)
t—i=(k—0)T,

Shift operator
g tx(t) = x(t — i)
P(g™") = po +p1q™" +p2q7% . +Drq P

Pl Dx(®) = pox(t) + p1x(t — 1) + pyx(t —2) + -+ + ppx(t — n)

Derivation

oP(q~1)x(t) _ _
dx(t—i) = Pi

UV@E:\I
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Class of systems

—

Al Dy() = g7 B(g Hu(t)+v(t) Model of the system

—<\D(q_1)v(t) =C(@ Hy®) Disturbance model
-
Y(z 1) = Z_Zg:i(f)_l) UG+ (Zl_l) Viz™D)
Ve =1 ( 3 =)  Disturbance Former Filter
LN{A=N

@ ..%j GREYCEa
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Class of systems

AGQ™) = 1+ @107t + apq 2. ap g

B(q™") = by + biq™" + bq~*+.. bn,q™ "
Clg D) =co+ciq7t +cyqg%+.. cncq_nc

D(g™) =1+diq7* + dpq *+.. dp g™

Disturbance Former Filter /Y\

Step D(gH)=1-q1

1 . The nature of the disturbance
Ramp  D(q™)=({1-q") is completely described by D(q™")

: -1\ -1 -2
Sinus  D(q™") =1-2cos(wTp)q™" +gq (™) only acts as a filter

IN{A=N ) e
N @ =) GREYC



Class of systems

Z—d—lB(Z—l)

C(z™Y)
A(z71)D(z™1)

4 NN c.,.’ @ ‘é’!mmu’ REYC g s

U(z™1) + y(z™)




Linear prediction

y(t)

université 4e Cae




Optimal Linear Prediction

Pt +j/t) Optimal output prediction of y(t + j) using the
avalaible measurements at time t

yit+j/t) =y +j)—y({t+]j/t) Optimal output prediction error

Properties of an optimal prediction
eyt +j/t)}=0 No bias

s{(y(t +j/t))2} minimal

IN{A=N )/
C uni:ersitéquae/ @ ié;ﬂ“ | ' GF?EYC
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Decomposition tools

Al Dy () = ¢4 B(g Hu@®)+v(t)

We operate

g D(q™ MA@y () = ¢~ 'D(gHB(q Hu(t)+ D(g™") v(t)
by D(g™")
il D(g~HA@@ Dyt +)) =q 4 D@ HB(g Dult + )+ D(g™") v(t+))

Using disturbance D(q_l)A(q_l)y(t +j) = q_d_lD(q_l)B(q_l)u(t + )+ C(q_l) y(t+))

—
model

q % 1B(q™Y) . C(g~Y)
290D T 2D

y(t+)) = y(t+)

LN kA\

@ =] GREYC g
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Decomposition tools

L _ 4 “'B(q™H . C(q™)
YD =A@ o T a0

— l

Depends on

y(t+))

Depends on

The past values of u(t) : known The past values of y(t) :avalaible

The future values of u(t) : can be known The future values of v(t): unknown

Why y(t) is avalaible a time t ¢

Al HDy() = ¢4 B(g~ Hu@®)+v(t)

!

v(t) = Al Dy (@) — q 4 B Hu(®)

NEEN...) @P =) GREYC g



Decomposition tools

Why y(t) is avalaible a time t ¢

Al Dy() = ¢4 B(g Hu@®)+v(t)

!

v(t) = A(g Dy () — g * B Hu(t)

!

D(g~")v(t) = D(g"DA(@ Dy®) —q 4 'B(qg~ D (g Hu(t)

!

D(g"HA(q™) 0 — B(q~)D(q™")
c@D C(q™)

y(t) = ult—d—-1)

Y(t) can be calculated using the values of y(t) and u(t)

UV@E:\I

université ge Cae

@ =] GREYC s




Decomposition tools

q “'B(q™") C(q™")

C YE+D = a0 D A ng T Y

C(qg~t . .
- (q—1(§1 - (21_1)y(t+j) depends on \V(t"‘J),V(t*‘J—l), e V(t+1})()/(t),)/(t—1),-- |
| |
unpredictible Can be
calculated
Objective Separate the unpredictable part

and the avalaible part

UV@E:\I

université de Cae




A polynomial division

C(qg™h)
A(@~1)D(@q™1)

Fi(g™)
A(q~1)D(q™1)

=E(@ ") +q”/
—ne

Ei(@) =ey+eq ' +e,q %+ ey,.q

F(@™ =fo+ fig + f247°+. fnqu_nfj

Another useful formulation

C(g™") =A@ D@ ME(@ ) +q7/F(g™

Remark Simular to the diophantine equation
(useful for Matlab /Simulink implementation)



A polynomial division

At which rank to we decide to stop the division ¢ nej =j -1

C(qg™")
A(q~1)D(q™1)

Fi(g™)
A(q~H)D(q™1)

y(t+) =E(@Dyt+j)+q7’ y(t+))

Ei(@Dy(t+)) =ey(t+))+eyt+j—D+..+e_1y(t +1) Unpredictible part

e Fi(g) ~_ F@ |
: A(g~1)D(q™1) y(E+)) = Al HD(q 1) y() Avalaible part
nej =j—1

nef < max(n, +nyg —1L,n.+j)

NeEN. ) P =) GREYC

‘




Using the polynomial division

Al Dyt + ) = g~ 1B(g Hult + j)+v(tH)

|
D(qg DA Dyt +j)=q Bl )D(@ Hult + )+ D(g™*) v(t+))
|
D(@ HAWQ@ Dy +))=q Bl D@ Dult + N+ g Dyt +))
E(g)D(qg HAQ@ Dyt +))=q*B(@HEQ@ HD(@ Dult+ N+ EQ@ ) Cl@Hyt+))
}

(€@ ") —q/Flg Dyt +))=q*Bl@DE@ D@ Dult + N+ E@™") Cl@ Dyt +))

!

Clg Dyt+)= q'F@Hy+)+q B DE(QQ D@ Hult+))
+E(q™") C(q Dyt +))



Using the polynomial division

Cy(t +) = gy (@ + P e 4 —d = D4 E(g ) e+ )

l

unpredictible
The optimal prediction
. _F(@"h B(q~Y)E(@~H)D(q™) .
yE+j/t) = C(q_l)y(t) + Cla D) u(t+j—-d-1)
U\i@fn\l

université de Cae




Is the prediction optimal ¢

y+j/t)=yt+))—yE+j/t)
JE+j/t) =E@Dyt+)) =eyt+j)+teyt+j—D+.+e_1y(t+1)

Mean value

et +j/0} = {eoyt +)) + ey (t +j — D+.+e_1y(t + 1)}

Jj—1
=€ (Z{eky(t +j - k)}>

k=0

j—1
= Y {es(rt +j - )}
_Ok=0

DV@E:\I

université de Cae
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Is the prediction optimal ¢

e{(7t+j/0))°}

LﬁJ(g‘E?ﬁJ

université ge Cae

s{(eoy(tﬁ-j)4'€1Y(t4if"1)+"+1?—1y(t4_1))2}

J

1j-1
4 ) eyt +j = Dy(E+)— k) }

i=0 k=0
j-1
> e el(re)?)
=0
j-1

=0

GREYC g

‘

|



Conclusion

o bias

eyt +j/t)}=0

Minimal Variance

j—1
(y(t +J/t)) e;2 o2

(=0

Prediction dynamics imposed by C(q™1)

F -1 B -1 E -1 D -1
9t +)/t) = Cﬁg_liﬂm Y )CEZ_Q 9 e rj—a-1)
U\i@fl\l

@ ..%j GREYCEa

université ge Cae




Exercice using Matlab / Simulink

C optimal prediction is not causal
F(g™) B(qg~HE(@ ")D(@™H)

yE+j/t) =m)’(t)+ C(D

5 Depends on the future values of the control variable
Can not be simulated using Simulink

u(t+j—d—1)

We are going to simulate $(t/t — j)

y(t—3) | y(t)

)

time

—>  Let’s go to Matlab

GREYCg'a

UV@E:\I

université ge Cae
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Outline

1 - Minimal variance control

J®) =¢ ((y(t +d+1) -y (t+d+ 1))2)

2 - One step ahead predictive control

J@®) =& (e +d+ D=y +d+ D) +aDg Hu)?)

3 - One step ahead predictive control with frequency weighting

Ju®) = ¢ ((y(t +d+1) -y (t+d+ 1) + /,t(uf(t))z)

W(q™h

NesN, ) @D =) GREYC g




Minimal Variance Control

4 NN ml @ Aé'!!l:m ’ REYC ga



The criteria

Find the control value u(t) that minimizes the following criteria

Jlu®)) = e ((y(t +d+1D) -y (t+d+ 1))2)

Optimal prediction

F(g™") B(q HE(@ D@
O LT P

yE+j/t) = u(t+j—-d-—1)

j=d+l

F(g™") B(q HE(@ " )D(@™)

yt+d+1/t) = Cla D) y(t) + C(D

u(t)

C(q™) =A@ D@ DE@ ) +q 'F(@™)

e
INIA=N | Y - GF?EYC;"



Derivation of the criteria

Ju(®) = (Mt +d+1) -y (t+d+ 1))2)

Ju@®) =¢ ((y(t +d+1/t) —y*(t+d+ 1))2)

Derivation
aJ(u(t)) 9yt +d+1/t)
= v(t +d 1/t) —vy*(t+d 1
(D 20t +d+1/) —y*(t+d+ 1)) G
6)7(t+d+1/t) _ boeodo_boeo _ b
du(t) - Co B Co — 70
o] (u(t))
= v —y* ]_ =
50D 0=>@H(E+d+1/t)—y*@t+d+1))=0

LN KA N

université ge Cae

@ .@%j GREYC g



Linear Time Invariant controller structure

oJ (u(t))

C du(t) =02 +d+1/t) —y* (t+d+1))=0

B jt+d+1/0) =y (+d+1)

F(g™") B(q YE(@ ")D(q ™)
:> v+ c(qg™")

ult) =y (t+d+1)

D POy + B(gHE(@ D@ Du) = C(g Dy (¢ +d + 1)

B | R(g Dy +S(q~Dul) = T(q Dy (t +d + 1)

UV@E:\I

université ge Cae




Closed-loop analysis

Uy (t) J/ U(t) Uy (t)

|

o, w) y(t)

+

v, (t) Input disturbance (low frequency)

R

v, (t)  Output disturbance (low frequency)

y*(t) Reference sequence

n® Noise mesurements (high frequency)

N\ = '
/L' k uni:evrsité de Cae

GREYCEa



Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)

UV@E:\I

université ge Cae
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Closed-loop performances

~ Characteristic polynomial

P(z7')=Az")S(z™H) +q 4 'B(zHR(z™)
= A(zVE@E DB IDE ™) + ¢ B F ()
=B ) (A DEGC DG +q T F @)

=B(z™YHc(z™)

/'\ B(zY) and C(z™Y) MUST be stable polynomials (Hurwitz)

IN{A=N '
/ k université de Cae REYC."



Closed-loop performances

Output tracking performances

B(g~Hr(a™") Y () = B(g~Hc(a™t

Pc(q™1) B(g~1)C(q

y(t) = =Y "(t) =y ()

|::> Perfect tracking !!

Disturbance rejection performances

y(©) = 2 gy = B BTy - BT ()= g g1y (1)

Pc(@™h) B(q~HC(g™h) Cl@™H)

=) y® -y ©) =E(qy® =y (t/t—d - 1)

Minimal Variance Control

“"K’“un.:?,’s,teme/ @ = |




Closed-loop performances

ut tracking performances

A~ HT(@™) | A(@™h)
P.(q71) yietd+1)= B(g~1)

|::> Inversion of the model!!

u(t) =

y*(t+d+1)

I:> High Energy consumption and input saturation problem

Input rejection performances

_ R@™ B F(g™h)
w0 =0 =~ pemee YO

UV@E:\I

université de Cae
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One step ahead predictive control
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The modified criteria

Find the control value u(t) that minimizes the following criteria

J@®) =& ((re+d+ D=y @ +d+ D) +udg Huw)?)

AL

Additionnal term energy consumption term

U = 0= Minimal Variance Control

Ju®) =@t +d+1/0 -yt +d + 1))+ p(Dg Hu(0))?

UV@E:\I

université de Cae
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Derivation of the criteria

Ju®) = (Pt +d+1/0 —y* (¢t +d + 1)) + u(D (g Hu(0))?

aJ (u(t)) 9P(t+d+1/t)

=2(9(t+d+1/t) —y*(t+d+ 1))

d(D(g~Hu(t))
du(t)

ou(t) du(t)

+2uD (g~ Hu(t)

09(t +d +1/t)  boeody
du(t) o 0

d(D(q~HDu(r))  o(t) + dyu(t — D+.. +dpqu(t —ng))
du(t) B ou(t) B

@ @%] GREYC g’

1
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Derivation of the criteria

af
|:> ]a(;((tt))) = 2b0(37(t +d+1/t)—y*(t+d+ 1)) + 2uD (g~ Hu(t)

oJ (u(t))
ou(t)

b
= 0=D(g Du(t) = f(y*(t +d+1) =9t +d+1/t))
I::} Let us introduce the prediction equation to replace y(t +d + 1/t)

Operate by Clg~HD(g~Hu(t) = %(C(q_l)y*(t +d+1)—-Cl@gHpt+d+ 1/t))
Clg™h

IN@ASN " Cae/ @ ‘@%‘/ GREYC g's




Linear Time Invariant controller structure

C C(qg~HD(g Hu(t) = %(C(q‘l)y*(t +d+1)—-C@Vyt+d+1/t))

Introduce the prediction equation

Clg)D(q Hu(t) = %(C(q_l)y*(t +d+1)—F(q )y(t) — E(@)B(@™)D(q Hu(t))

b by
{;‘) E(q ")B(q " )D(q™") +C(q‘1)D(q‘1)}u(t) + ?F(q Dy() = y(t+d+1)

S(g~Hult) + R(g y@) = y'(t+d+1)

UV@E:\I

université de Cae




Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)

UV@E:\I

université ge Cae
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Closed-loop performances

Characteristic polynomial

Pz =4S ) +q¢ B HRE™

= A(z™Y) {%E(Z‘l)B(z_l)D(z_l) + C(z—l)D(z—l)}

+ q"d‘lB(z‘l)%F(z‘l)
= A(z‘l)C(z‘l)D(z‘1)+% Bz DA DEE DD ) +q 4 F(z 1)}

|:> Introduce the prediction equation

P(z7") = A(z7)C(z™)D( ) +-2 Bz )C (™)

P.(z)) = C(z7Y) {A(z-lw(z-l) + %B(rl)}

b\i@f,-v'inéqe CaeJ @ ié-;;,m / GREYC g's




Equivalent implementation scheme

D(g YHu(t) = %(y*(t +d+1)—9(t+d+1/t))

y(t)

Pt +d+1/t)

4 NN m’ @ ‘é—!ﬂ!!ﬂll REYC '



:-E S5 Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

=Cz ) {AE D) + %B(Z_l)} PGz ) =4 HD(E™D) + IL—OB(Z_l)

A single synthesis parameter : root-locus tool

N {2\ = ’ (
/Ll k uni:evrsité de Cae

REYC '



Tracking performances

by ~1 -1
_BHT@™Y o wB@CT) C bBG
Y O B S (T R R N X CEO L
y@™) by BE) _by B

:> yi(zT) u Pr(z™1) U A(z~H)D(z™1) -I-%B(Z_l)

|:> Tracking dynamics does not depend on the predictor

Static performances
b, B(1)
H A(D)D(D) +%B(1)

No bias

=1=>D(1)=0

=>D(@gH=010-q¢HD'(g™YH) Integral action

IN{\= , =
k uni:yrsité de Cae @ 6um~j

GREYC g



Disturbance rejection

S(q™h

C y(t) = Pc(q_l)v(t) S(@=") =D(q™ ") (%E(q‘l)B(q‘l) + C(q‘l))

pa) (%25 B(a)+Cla™)
= y® = caDPfa D) v{t)

oS e+ 0™

- c(@DP(q D) b’ M

 (Beram(a)+0@)

- Pr@ D y(®)

I:> Pf(q_l) Hurwitz |:> Disturbance rejection

U\i@fn\l

université ge Cae
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One step ahead predictive control
with input frequency weighting

f' NN c“’ @ éé-!m!!“’ REYC g s



i | The modified criteria

g“iﬁd the control value u(t) that minimizes the following criteria

Ju(t)) =¢ ((y(t +d+1)—y*(t+d+ 1))2 + u(uf(t))z)

w(g™)
H(g™1)

u(t) 1 = Dolto
Wo

4G

Hig D) is called Input Frequency Weighting

N\ = '
/Ll k uni:evrsité de Cae

REYC '



Derivation of the criteria

Ju@)=@t+d+1/t) —y*(t+d+ 1))2 + u(uf(t))2

oJu®) .. . 9P(t+d+1/t)
(D =2(9(t+d+1/t) —y*(t+d+ 1)) 50D
0 t
+2uup (t) (;Lf (EL)))

09(t +d +1/t)  boeody

du(t) Co 0
o(ur () wo
du(t)  hg
DV@E N

P =)

université ge Cae
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Derivation of the criteria

57
— gﬁ‘((tt))) =2by(P(t+d+1/) —y*(t+d+ 1))+ zu;lv—;’uf(t)
aJ boh
]aSL((tt))) = 0= ur(t) = MOW;’ (y*(t +d+1)—y(t+d+ 1/t))

I::} Let us introduce the prediction equation to replace y(t +d + 1/t)

Operate by C(q_l)uf(t) — (C(q‘l)y*(t +d+1)—-Cl@gHpt+d+ 1/t))
Clg™h

IN@ASN " Cae/ @ ‘@%‘/ GREYC g's




Linear Time Invariant controller

(@ Dus@) ={C(@Hy*"t+d+1)—-F(@Hy@®) —E(@")B(@)D(@ Du(t)}

|:> Let us introduce the relation between ug(t)and u(t)

Operate by C(g™HH(g () = H(gH{C(@ Dy (t+d +1) — F(g Dy (t) — E(@ B (gD (g~ Hu(t)}

H(g™)
Clg™ YW (g Hu(t) =H(@H){C(@ Dy*(t+d+1)—F(g)y(t) — E(@)B(g " )D(g Hu()}
I:> {C(gHW (@) +H(@ DE(@@HB(@ D@ HIul) + y(t) = y't+d+1)
S~ Hut) + y(t) = y'(t+d+1)
LN k‘\ N

@ =] GREYCEa
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Disturbance rejection

S(q™h

v(t) S(@H) =C(qHOW(@ ) +H(@ DE@ B D™
P.(q7™)

y(t) =

b y(t) = C(q‘l)W(q‘l)+H(;zc‘(;)i()q‘1)8(q‘1)D(q‘l)v(t)

_ ClaY)w(q ")+H(q )E(q~")B(q~)D(q7") c(q7!
B Pc(q~1) D(q~1)

y(t)

I:> P.(g™YH Hurwitz but D(q™1) is not a Hurwitz polynomial

|:> Disturbance rejection < D(q™ 1) factorizes S(q™1)

o W@hH=D@hHe@™")

E) S =D@H{C@H6(@™) +HigDE@ DB ™)

@ =] GREYC g

UV@E:\I
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Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)

UV@E:\I

université ge Cae
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Closed-loop performances

racteristic polynomial S(g7) = D(g"H{Ca )6 (g™ + H(g™DE(G B}

P(g~") =A(@S(@ ") +q *“'B(@HR(@™)
= A(@ HD(g H{Clg MG ™)

+H(g " )E(@ DHB(@ D} +q7 ¢t B(gDH(@ F(@ ™)

= Ag)C(@ID(aHG6(qH*+B(q D@ A DEQ DG + a7 F (g D)

=) P =CgH{A@@ DG (™) + BlgHH(G™D)

@ =] GREYC g

q
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Equivalent implementation scheme

ur(t) = (y*(t+d+1) -9 +d+1/t))

y(t)

Pt +d+1/t)

4 NN m’ @ ‘é—!ﬂ!!ﬂll REYC '



Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

y(t+d+1)

P(z71) = Cz"DH{AE"HD(z" N6 (™) + B(z"HH(z™ D)}

Frequency weighting synthesis : pole placement or frequency design

f' NN c“’ @ éé-!m!!“’ REYC g s




Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

y(t+d+1)

P(z71) = Cz"DH{AE"HD(z" N6 (™) + B(z"HH(z™ D)}

Frequency weighting synthesis : pole placement or frequency design

f' NN c“’ @ éé-!m!!“’ REYC g s




Tracking performances

o _ B(@HT@™h () = B(q~")H(q " )C(q™") .
YO e Y T e h@GE pE 66 + B HHE ) D
y ™ _ B()H(™)

D 3@ H A DD HGE D + B DHE Y

|:> Tracking dynamics does not depend on the predictor

Static performances

| B(1)H(1)
No bias  mmm) ADMGM +BMAM 7P =0

DigHy=0-qgYHD'(g™}) Integral action

@ =] GREYC g

LN KL\ N
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Semi - Perfect and Perfect tracking

If one choses T(q~') such that

C T =5 Pe@™
y(z) _B@EHTE™) _ Bz Semi-perfect
I:> y*(z71)  P(z7))  BQ) |—> tracking

Moreover, if one choses T(q™ ') such that

Az YD He(zYHY)+B(z HYHEYH) =BE"HM(Ez™)

T(z™H) =M1

:> ;’*((ZZ—_ll)) _ B(Z}Zl()z’ligi‘l) _ f}gj;ﬁgj; —1 |::> Perfect tracking

! Perfect tracking IF AND ONLY IF B(q~') HURWITZ

@ ..%j GREYCEa

LN kA N

université de Cae




Disturbance rejection

S(q™h

C y(t) = Pc(q_l)v(t) S(@=") =D(q™ ") (%E(q‘l)B(q‘l) + C(q‘l))

pa) (%25 B(a)+Cla™)
= y® = caDPfa D) v{t)

oS e+ 0™

- c(@DP(q D) b’ M

 (Beram(a)+0@)

- Pr@ D y(®)

I:> Pf(q_l) Hurwitz |:> Disturbance rejection

U\i@fn\l

université ge Cae
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Exercice on Matlab / Simulink

g |
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Predictive control

Olivier Gehan
Ensicaen

olivier.gehan@ensicaen.fr

'V@\EN

université de Cae
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Schedule

1 — Optimal prediction for control design purposes
2 — Criteria and derivation of the criteria
3 — Linear Time Invariant controller

4 — Input / Output performances

IN{AA=N )




Optimal prediction for control design
purposes

L;V@\E N '
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New parametrization of the predictor

N

@ .. F@™) B(qDEi(q™") . _ . _ .
y(t+J) =D y(@®) + C@D D(@ Dult+j—d—-1)+E(q@ Dyt +))
Let's h look at B(q_l)Ej(q_l)D( Dut+j-d-1)

et s have a look a ACRD) q J

It contains terms {u(t+j—d—-1) .. u(@®)} and {u(t-1) u(t-2) ..}

| T

Future control values

that have to be calculated Already available
at time t



New parametrization of the predictor

going to separate the future and the past values of the control values

n do that with a second polynomial division

B(qg~MEi(g™")
Clqg™1)

—j+d Hj—d(q_l)
C(q™)

= j—d(q_l) +q

G@ D) =go+9197 +9j_q_1q !

H(@@ ") =ho+hiq  + - hypqg™

The degree (j-d-1) of G(q~') plays an important role

IN{A=N
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New parametrization of the predictor

Hence
B =1 E. -1

(qc()q_’f)q Dt e +j—d—1)

ot | o Hi_4(q7t
=Gi_qa(g HD(@g Du(t+j—d—1)+q /¢ —’C(dq(fll) )D(q_l)u(t +j—d-1)

_ -1
= (9o + 9107 "+ . +Gj—q-197)D(@ Dult +j—d - 1) + H’C_(dq(i) )D(q‘l)u(t - 1)
_ -1

= goD(q Dut +j—d—1D+..+g;_q-1D(q"Du®) + H’C_gq(fll) )D(q‘l)u(t —1)

\ J | )
f f

Future control values Last control values
(to be calculated) (already known)

ey, ) P =) GREYCg'A



New parametrization of the predictor

L E@D B(q )E(q™")
N ) ] -1 . -1 .

j) = t D u(t+j—d—-—1)+ E; t+

i) Cla D y(t) Ca D) (@ Du(t+] )+ Ei(qg Dyt +))
Fi(qg™?! H._ -1

) = C{((Z_l)) y(t) + Gj—d(q_l)D(q_l)U(t +_] - d - 1) + ]C(dq(fll) )D(q—l)u(t _ 1) + E](q_l))/(t +])
V@\EN
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To summurize

17 ~-1 . g Only depends on
D@ ult+j—-d-1) the actual and future control values

Hi_a(q™") | ,
y(t) + C(qg—D) D(g7)u(t—1) Is completely known at time t

)y (t+)) Is unpredictible

V@\EN

université de Cae
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The optimal j-step predictor

e+ ) = L)y + Goa(a DG Dt +j —d — 1) + 28D p(g1yu(e 1) + B (g Dy (e + )
""" : What is avalaible for prediction ?¢
Fi(qg? Hi_q(q?
§(e+j/t) = g((;’_l)) y(0) + Gj-a(qg™ID(q Dult +j —d — 1) + ’C(";f’l) b ute - 1)
YE+j/t) =G-a(@HD(@ ult+j—d— 1) + 9ot +j/t)
. ) . _FE@"h Hi_q(q™")  _
with Fot +)/8) = 7=y V(O +—Fo oy D@ Dut = 1)

université de Caenf REYC“ !



3 .
L A set of predictors
R yE+j/t) =Gi_a(@)D(@ Dult+j—d—1)+J(t +j/t)

From j=d+1 toj= hy

J(t+d+1/t) = goD(g DHu(t) + y,(t +d + 1/t)
it +d+2/t) = goD(g~Dult +1) + g:D(q~Du(t) + Yo (t +d + 2/t)

I(t+hy/t) = goD(@ Du(t + hy —d — 1)+.. gn,—a-1D(q~Hu(®) + Jo(t + hy, /t)

V@\EN

université de Cae
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Matricial Form of the set of predictors

N

PorEEEse |

/y(f +d+1/ t)\

| 9@ +d+2/0)

\ 9(t + hy/t) /

IN@=N ! % = /
L universitéqe Cae / f“ ¢ :

9o
Ihy—-d-1

0

" Yo

[

)D(ql)
4

u(t)

u(t+1)

)

\u(t+hp—d—1))

(yo(t +d+ 1/t)\

Yot +d+2/t)

\ Soe+ ost) /

Y(t+ hy/t) = PD(@~HUE + hy, —d — 1) + Yo(t + hy/t)

GREYCEA



Criteria and derivation of the criteria

L;V@\E N '
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The criteria

Find the control vector U(t + h, — 1) that minimizes

hyp
JWE+h~1)) = e<2{y<t+j> —y*<t+j>}2> +e<
=

J

hp
S D@ utt +j - ha)}Z)
—

J

with Ut+h,—d—1)=[u(®) .. u(t+h.—1)]

u(t+j)=0 Vj=h,

D\fG\E N ' % - é '
| université de Cae F | -




An equivalent criteria

The control vector  U(t+ h,—1) that minimizes

hp hp
JU@E+h —1))=¢ <z {yt+) -yt +])}2> +e <z MD(q~Dult+j - hi))}2>
j=h; j=hi

Also minimizes

hp hp
JWE+h— 1) = D Gt +]/0 =y E+DF+ D M@ Dule+j - h))}

Jj=h; Jj=h;

@ =)

LN @\ =N
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New matricial expression for the set of predictors

/y(g +d + 1/t)\

y(t+d+2/t)

\ 9(t + hy/t) /

9o
Ihy—d-1

0

.
.
.

)D(q‘l)
" Yo

[

u(t)

u(t+1)

1 We need the predictors from h; to h,

e

y(t+d+2/t)

\ 9(c + hy/t) /

LN @\ =N

université de Cae

j‘> We suppress the first lines

/

u(t)

u(t+1)

)

\u(t+hp—d—1))

/yo(t +d+ 1/t)\

Yot +d+2/t)

\ So(e+ose) /

/%Gf—*—ﬂH—b%\

Yot +d+ 2/t)

\ Yo(t + hp/t) /

GREYCg'a



New matricial expression for the set of predictors

8 Control values are nul if j= h,

:> We suppress the last columns of @

W\ / u(t) \ /;?Ueﬁﬁﬁ——lﬁa\

P(t +d + 2/t) —%0 0 u(t + 1) Dot +d +2/t)
( : g\[ D(q™")
0

\ (¢ + hp/t) / \wﬁ—H‘lp———d———lﬂ/ \ Yo(t + hp/t) )

LN k‘\un,v';’s,ted Cael % = ,




New matricial expression for the set of predictors

£ Final expression

“Z--?(it +h/t) \ / u(t) \ / Po(t + hy/t) \
y(E+h; +1/t) <9hid1 0 > u(t +1) Yot +h; +1/t)
= : : D(g™h) +
: Ihy—da-1  ° Yhy-d-h, : :
\ 9(t + hy/t) / \u(t + h, — 1)) \ Po(t + hy/t) /

Y(t+ hy/t) = .D(@ DU + he — 1) + Yot + hy/t)

D) @ 2 GREYCE'a



The criteria

. . "
JWE+h~ 1) = ) F+/0 =yt + )P+ ) M@ Dule+j - )Y
1 j=hi j=h;
= |P(t + hy/t) = Y*(t + by /0)||* + AD (@ DUt + e — DI

y*(t + h;/t) \

y*(t+h; +1/t)

\ v (¢ + h,/t) /

with  Y*(t+hy/t) =

DV@\E N ! % Z_ ,
| université de Cae | d ;




The criteria

JWE +he — 1)) = ||P(t+ hy/t) = Y*(t + hy/t)|* + D@ DU + he — DI

AJUt+h.—1))  dJWUE+h—1)) D@ HU(E+h —1))
AUt +h.—1)) B o(D(g~HU({t+h,—1)) dU(t+h,—1))

. aj(U(t‘l'hc_l))
- 0(D(@aHU(t+he—1))

LN @\ =N

université de Cae
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The criteria

; ]A(UC\t +h.—1))=|V(t+h,/t) —Y*(t + hp/t)||2 + AID(gHU(t + h, — 1D||?

= @D (g DU + he — 1) + Tt + hy/t) = V(¢ + hy/) > + AID @ HU(E + he — D2

AJ(U(t +h.—1))
d(D(@ Ut +h.—1))

=20," (&, D(q Ut +he — 1) + T (t + hy/t) = V" (t + hy /1))

+2AID(q"HU(t + h, — 1)

LN @\ =N

université de Cae
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The criteria

oJlUt+h.—-1)
OD(@HU(E+h—1))

!

@, ", + A)D(@HUEt+h,—1) =, (Y*(t +h,) — Yo(t + hy/t)
p p

!

D@ DU +h—1) = (0,7 D, + A1) ', (Y*(t + hy) = To(t + hy/t))

0

LN @\ =N

université de Cae
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Receding horizon concept

. Weonly keep the first element of D(qg )U(t+ h,—1) e.& D(qg~Hu(t)

Why ¢
If we keep and apply D(g Ut +h,—1) the system operates

in open loop during sampling periods

!

D(gHUEt+h.—1) = (0, D, + /11)_1CDTT (Y*(t +h,) — Yo(t + hp/t))

!

hp
D(q Du(t) = Z Yi-h; (y*@+ ) =9 +j/1) Yj Elements of the first line of
j=h; _ T
(@, ®, + A1) @,

%’ i) GREYC g

LN @\ =N
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Linear Time Invariant Controller

V@\E N e
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Linear Time Invariant Equivalent Controller

hy
D(g™Hu(t) = Z Vion, (vt + ) = Po(t + /1))

j=h;

:> Introduce the expression of yo(t+j/t)

> We operate by C(q~1)

hp
C@™HD@™ () = ) ¥, €@ (" (¢ +)) = Fole + /1)

j=h;

hp hp
€@ ™ = D ¥in €@ E+ ) = D ¥5n, €@ D0t + /0

j=hi J=h;

L’V LA\unl\feVrsN:ed CaeJ % ‘%.;I‘IEII l




Linear Time Invariant Equivalent Controller

hp hp
S C@DD@ D = ) ¥on, C@TIY D = ) ¥in CaTIRl + /D)

e j=hi j=hi

C(q Pt +j/t) = Fi(gDy() + Hi_q(g)D(g" Du(t — 1)

C(q~)D (g~ u(®) = Z Vien Ca™y" (¢ + ) 2 Vion Fy(@Dy(®)

Jj=hi j=h;
hp

= > VyonHr-al@™D (@ Dult = 1)
j=h;

LN @\ =N
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Linear Time Invariant Equivalent Controller

\C(q‘l)D(q Dut) + Z Yi—n; Hi—a(@™HD(g Du(t — 1) + 2 Vj-n, F(@ Dy = z ¥Yi—n, C(a™Dy*(t +))

Jj=hi j=hi j=hi

R Dy@® + S Hu®) =T Dy (t+d+1)

hyp
:‘J> R(g™) = Z Vj-n, Fi(@™)

j=h;

j=hi

hp
S(@H=D@™") {C(q‘l) + Z Vi-h q_lHj_d(q‘l)}

hyp
T(@ ) =C(q@"h Z Yj-h;

Jj=hi

LNQ/_\ N , ' ) = ’
L unrvers:teqe Cae | ““  /




Input - Output performances

\i@\ =N
université je Caep




Closed-loop performances

Uy (t)

+ “(“g

v, (t) Input disturbance (low frequency)

vy (t)  Output disturbance (low frequency)

y*(t) Reference sequence

n® Noise mesurements (high frequency)

L!N (A= '
k uni::!sité de Caepf




Closed-loop performances

put performances

—d-1p(,—1 ~1
q " "B(q )T(q") , . .
Pz D) y*(t) Tracking dynamics

y(t) =

—_

A(g™HS(@™) o ()
y

P.(z71)

-1 -1
B(g~)S(q™) — Disturbance rejection dynamics
+ P (Z_l) u(t)
C

-1
S(q )n(t)

+PC(Z_1) _

V@\EN
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Closed-loop performances

N

£ Input performances
| A(gDHT(g? . :
u(t) = (q )_(1q ) y*(t) Tracking dynamics
P.(z71)

A(a™S(a™)
R O

B(g~HsS(@™h)

(t) Disturbance rejection dynamics
P(z71) ™

A(GHR(@™)
P.(z7Y)

n(t)

NegN...) @@ =) GREYCEA



Design parameters

A Input weighting

h; Initialization Horizon
hc Control Horizon

h Prediction Horizon

C(q~1) Prediction dynamics
D(q~!) Disturbance Model

N @ = GREYC g'a



Key properties

P.(gH =C@HP:(g7h) Separation theorem

. Property 1 h,=h;i=d+1,h,=1,1=0

1
- Pr(q™) = b—B(q‘l) Minimal Variance Control
0 (Lecture n°2)

Property2 h,=h;=d+1,h,=1,1%0 One step Ahead
Predictive Control
(Lecture n°2)

N @ = GREYC g'a



Key properties

.\ Property3 h;=n,+d+1,h, =n, +ng,hy > h;+h;,A=0
-»P(g7H) =1

->P(@H=Cc(@?") Pole placement

Property4 h;=d+1,h.=1,1=0,h,»xD(@ ) =1-q""

- Pr(q™") =A(g™) Internal Model Control

LN @\ =N

université de Cae
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Usual Sensitivity functions

’ - >-\
£ )

L!:\i (\= '
k‘ unh’)!sité de Caepf

y'(t+d+1)

vy (1)

vy (1)
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Usual Sensitivity functions

~1 -1 -1 -1
Sensitivity function Yz = A(ZP ()ZS_(lz) ) 3((22_1)) = ;l((ZZ—B)
C y u

B(z"HR(z™") y(z™)

Complementary Sensitivity function r'(z™H = =
P ? 71 @I TREY e

R(z™") u(z™)

Sensitivity function X Controller Y(z™) 5D~ 1D

. . B(z™") y(™)
-1 —
Sensitivity function X System Y(z )A(z—l) =)

‘

NesN...) @ =) GREYCE




Controller Design

Parameters choice |:> Shaping of the usual sensitivity functions

Sensitivity function High pass filter —— Disturbance rejection v,,(t)
1 Bandwidth s Dynamics

Modulus Margin ____ Robustness / modeling errors

Complementary Sensitivity function Low pass filter ————> Noise rejection / y(t)

Bandwidth ———>  Dynamics
Sensitivity function x Controller Low pass filter —————> Noise rejection / u(t)
Bandwidth — > Dynamics

Sensitivity function x System  High pass filler ———> Disturbance rejection vy (t)
Bandwidth ——> Dynamics

Vg . @@ =) GREYCEa
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