e |

Predictive control

Olivier Gehan
Ensicaen

olivier.gehan@ensicaen.fr

év@ﬁlym " Ca.’ @ ‘é!!l!!!!!’ REYC '



Schedule

1 — Optimal prediction for control design purposes
2 — Criteria and derivation of the criteria
3 — Linear Time Invariant controller

4 — Input / Output performances
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Optimal prediction for control design
purposes

f' NN c“’ @ éé-!m!!“’ REYC g s



New parametrization of the predictor

~F@Y . B@DEQYH N
y(+j) = C(q_l)y(t) + Cla ) D@ ult+j—d—-1)+E@ y(+))
Let’s h look at B(q‘l)E(q‘l)D( u(t+j—-d-1)
et s have a look a Clq-D) q J
It contains terms {u(t+j—d—1) .. u(®)} and {ut—-1) u(t-2) ..}
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Future control values

that have to be calculated Already available
at time t
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New parametrization of the predictor

e are going to separate the future and the past values of the control values

n do that with a second polynomial division

B(@gHDE(@™)
C(q™1)

—j+d Hj—d(q_l)
c(q™)

= j—d(q_l) +q

(@ =go+9:197 "+ gj_qo1q T

H(g™") = hg+hiq~t + - hppg™™

! The degree (j-d-1) of G(q~') plays an important role
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New parametrization of the predictor

Hence

B(qgYDE(@™)
C(q™Y)

= Gi_g(@ DD Du(t+j—-d—-1)+g¢

D@ YHu(t+j—-—d—-1)

—j+d Hj—d(q_l)
C(q™1)

D@ Nu(t+j—-d-1)

Hi_q4(q™")

N
oy D@ Du =)

= (9o + 9197 +..+gj_a—1qa/T)D(@ Dult +j —d — 1) +

== : -1 Hj—d(q_l) 1
=goD(q Hu(t+j—d—1D+..+gj_q-1D(g" Hu(t) + CaD) D(g Hu(t—1)

\ J | /
f f

Future control values Last control values
(to be calculated) (already known)
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:-: i New parametrization of the predictor
s F(g™) B(g HE(@™)
i) = t) + D(gHu(t+j—-d—-1+E@YHyt+j
5 C(q‘l)Y( ) Cla D) (@ ult+ )+ E(@ y(E+))
-1 -1
) = Eq 1; y(©) + Gi—a(@HD(@ Dult +j—d—1) + - _gq(i))D(q‘l)u(t—1)+E(q‘1)y(t + )

N {2\ = ’
'Ll k um:evrsité de Cae

REYC '



e To summurize

;1)D(q_1)u(t +j—d—1) Only depends on

the actual and future control values

Hi_a(@™) _ _. .
y(t) + C(qg—D) D(q Du(t —1)  Is completely known at time t

y(+)) Is unpredictible
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:::.:f‘“: The optimal j-step predictor

F(a™')
c(@™1)

Hj—a(a™")

ca L@ Du =1 +E@q Dyt +))

t+)) =

y@) +Gi_q(@HD(@ Dut+j—-d—1) +

What is avalaible for prediction ?¢

o F(g™) _ _ . Hi_q(@™Y
yE+j/t) = C(Z_l)y(t) +Gi_q(@™HD(@ Du(t+j—-d—-1) + ’ng_l) D(g~Hu(t - 1)
P +j/t) =Gi_q(@ D@ Dut+j—d—1)+ Jo(t +j/t)

: o F@™ Hialg™) o
with Polt +j/t) = C(q_l)y(t>+ CD D(qg Hu(t—1)

N\ = '
/Ll k uni:evrsité de Cae

REYC '



A set of predictors

Y +j/t) =Gi_q(@ D@ Dult+j—d—1)+ 9,(t +j/t)

From j=d+1 toj= hy

yt+d+1/t) = goD(g Hult) + yo(t +d + 1/t)

Y +d+2/t) = goD(@ Dult+ 1)+ g:D(q Dut) + Jo(t +d + 2/t)

9(t+h,/t) = goD(@Du(t +hy, —d — 1)+..ghp_d_1D(q_1)u(t) + 9o(t + hy/t)
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Matricial Form of the set of predictors

/y(t +d+ 1/t)\

y(t+d+2/t)

\ 9(t + hy/t) /

(

Yo

Ihy—d-1

0

" Yo

[

)D(q‘l)
¢

u(t)

u(t+1)

\

/yo(t +d+ 1/t)\

Yot +d+2/t)

\u(t+hp—d—1)/

\ Yo(t + hp/t) /

Y(t+h,/t) =PD(@ DU +hy,—d—1)+Y(t + hy/t)

U\i@fl\l

université de Cae

P =)

GREYC g

‘



Criteria and derivation of the criteria

‘p V@SN . c“’ @ éégmuu’ REYC g'a



The criteria

Find the control vector U(t + h, — 1)

that minimizes

hp hy
JW(E+h—1)) = ¢ (Z D+ -y +j)}2> be (Z MD(q™u(t +) - hi>)}2>

with

J=hi

Utt+h,—d—1) =[u(®®) .. u(t+he—1)]

u(t+j)=0 Vj=h,
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An equivalent criteria

The control vector  U(t+ h,—1) that minimizes

hp hy
JW(E+h—1)) = ¢ (Z D+ -y +j)}2> be (Z MD(q™u(t +) - hi>)}2>

J=h; J=h;
Also minimizes

hp hp
JW@E+h —1)) = z{ﬁ(t +j/t) =y (t+)NY+ z MD(g Hu(t +j — h))}?

j=hi J=h
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New matricial expression for the set of predictors

/y(t +d+ 1/t)\

y(it+d+2/t)

\ y(t + hy,/t) /

v

y(t+d+2/t)

\ 9(t + hy/t) /

IN{2\= %

Yo
Ihy—d-1

i We need the predictors from h; to h,

(

Val

0

0
AV

Jo

Ihy—d-1

" Yo

E)D(q‘l)
" Yo

:> We suppress the first lines

: )D(q‘l)

[

[

u(t)

u(t+1)

u(t)

u(t+1)

\u(t+hp—d—1)/

\

\u(t+hp—d—1)/

/ﬁo(t +d + 1/t)\

Yot +d +2/t)

\ Yo(t + hp/t) /

s

Yot +d+2/t)

\ Yo(t + hp/t) /
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New matricial expression for the set of predictors

2 Control values are nul if j = h,

e

y(t+d+2/t)

\ 9(t + hy/t) )

L'\l t,—\umveVr.wte de CaeJ % ié‘l/ I

f‘> We suppress the last columns of @

/ u(t)
u(t+1)
\ltﬁt—'l-—hp——dflﬂ/

2o

Yot +d+2/t)

\ 9ot +hy/0) /
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New matricial expression for the set of predictors

Final expression

/ y(t + h;/t) \ / u(t) \ / Po(t + h;/t) \
Y(E + h; + 1/1t) (ghi_d_l 0 ) u(t + 1) Po(t + by + 1/t)
= : : D(q™") +
: 9h,—d-1 " YGhy—-d-h, : :

\ y(t + hy/t) / \u(t + h, — 1)/ \ Po(t + hy/t) /

Y(t+ hy/t) = 2,.D(@HUE + he — 1) + Yo (t + hy/t)
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The criteria

hp hp
JWE+he 1) = D G +j/0 =y E+DP+ ) M@ Dule+j - h))Y:

J=h; Jj=hi

= |2(t + hy/t) = Y*(t + hp/t)||” + AP (@ HU(E + he — DI

y*(t+ h;/t) \

y*(t+h; + 1/t)

\ y*(t+hy,/t) )

with Y*(t+h,/t) =
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The criteria

JAWE+he—1)) = ||P(e + hy/t) = Y* (£ + by /0)||* + AND (@ DU + b — D)2

AJUt+h.—1))  oJWUt+h.—1)) oD@ HUE+h.—1))
Ut +h.—1)) oD@ HYU(t+h,—1)) oU{t+h.—1))

Ut +h.—1))
- 0D(gHU(t +h.—1))
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The criteria

Jt+he—1)) =||P(t + hy/t) — Y*(t + hp/t)||2 +AID(@HU(t + h, — D|I?

= || @D (g Ut + he — 1) + Tyt + by /t) = Y*(t + hy/0)||* + AID (DUt + he — D2

AJU(t+h,—1))

S = 2% (©,D(@ U+ he = 1) + To(t + hy/t) = Y* (¢ + hy/t))

+2AID ("YU (t + h, — 1)

‘
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The criteria

oJjut+h.—1)
(D@ Ut +h.—1))

!

(@, @, + A)D(q IVt + he — 1) = @7 (Y (t + hy) = T (¢ + /1))

!

D(@VYU(Et+h.—1) = (2, D, + /’U)_lcbrT (Y*(t +h,) — Yot + hp/t))

0

UV@E:\I

université ge Cae

@ =] GREYC g

‘

|



Receding horizon concept

We only keep the first element of D(q~1)U(t +h.—1) eg D(g~Vu(t)

Why ¢
If we keep and apply D Hu(t+h,—1) the system operates

in open loop during sampling periods

!

D@ U+ he —1) = (&,Td, + A1) "D, (Y*(t + hy) = Bt + hy/t))

!

P
D(g Hu(t) = z Y (y*(t +j) — Yot + ]/t)) Y;j Elements of the first line of
J=hi -1 T

(&, @, +AI) @,
o
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Linear Time Invariant Controller
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Linear Time Invariant Equivalent Controller

hp
C D(g~Vu(t) = z vi (" (£ + 1) — Polt + /D)
J=hi

Introduce the expression of Vy(t + j/t)

:> We operate by C(q™1)

hp
C@™D@™ () = ) €@y &+ 1) = Folt +j/0)

j=h;

hy hy
C@™ID(@™Hu®) = D ¥ @Y E+) = ) v 0@ DRl +)/0)

J=hi J=hi

U\i@fl\l
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Linear Time Invariant Equivalent Controller

hp hp
C Ca™)D@ ™ = ) ¥ €™y E+) = ) ;€@ +)/0)

J=hi j=hi

C(q Pt +j/t) =F(@q@ Dy@®) + Hi_q(g)D(g HDu(t — 1)

hp hp
D @@ IO = Yy @Y EH) = Yy FE@YO

j=hi j=hi

hp
SN/ R ICROLICEOTICEEY

J=hi

LﬁJ(g‘EEﬁJ

université ge Cae

q

@ =] GREYC g




Linear Time Invariant Equivalent Controller

hyp hy hy
€@ DD ™Hu® + Y v H_a(@ D@ ue— D+ Yy F@ @ = ) @™y (¢ +))

j=h; j=h; j=h;

R(g HDy®) +S(gHu®) =T(@ Hy*(t+d+1)

hp
f‘> R(g™") = Z yiF(a™")

hp
S =D(q@™" {C(ql) + z ¥j q'lHj-d(ql)}

Jj=hi

hp
T(@ ) =Cc@™h Z Y

j=hi

U\i@fn\l
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Input - Output performances
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Closed-loop performances

% () 7y ()

1 J

u(t) ™

+

v, (t) Input disturbance (low frequency)

y(t)

v, (t)  Output disturbance (low frequency)

y*(t) Reference sequence

n® Noise mesurements (high frequency)
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Closed-loop performances

@put performances

—d—lB -1 T -1
y(t) = 1 PC(?Z_l)) (g) y*(t) Tracking dynamics

A(g™HS(@q@ ™)
+ e vy(t)

—1yG( -1
B(g=)S(q™") Disturbance rejection dynamics
C

S(q™Y)
P.(z71)

+ n(t)

U\i@fl\l
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Closed-loop performances

@ut performances

A(g DT (q™! : :
u(t) = (qPC ()Z_(lc)l ) y*(t) Tracking dynamics

A(@HS(@™)
TR Y

B(q~")S(g™")
P.(z71)

v, (t) Disturbance rejection dynamics
u

A(@™)DR(@™)
TR Y

U\i@fl\l

université je Cae

q

P =) GREYC g




Design parameters

A Input weighting

h; Initialization Horizon
h. Control Horizon

h Prediction Horizon

C(qg~1) Prediction dynamics
D(g~1) Disturbance Model

IN(A\=N '
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Key properties

P.(qg7Y) =C(g~HP(g™Y) Separation theorem

Property 1 h,=h;=d+1,h.=1,1=0

1
- Pr(q71) = b—B(q‘l) Minimal Variance Control
0 (Lecture n°2)

Property 2 h,=h;=d+1,h,=1,1%#0 One step Ahead
Predictive Control
(Lecture n°2)

‘
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Key properties

Property 3 h;=n,+d+1,h. =n,+ng4,h, >h;+h;,A1=0
~P(gh) =1

>P(@YH=Cc(@ Pole placement

Property 4 h;=d+1,h,=1,1=0,h,>,D(@g)=1—-q"

- Pr(qg™") = A(q™) Internal Model Control

‘
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Usual Sensitivity functions

y't+d+1)

vy (1)

v, (t) v, ()

n® n(o

Z
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Usual Sensitivity functions

) . . o AETDSET)  y@E™)  uEz™h
Sensitivity function Yz = PGz D) NG
e . B(z")R(z™) y(z ™)
-1\ — —
Complementary Sensitivity function rz =) = Pz 0z D
Rz™H) u(z?
Sensitivity function X Controller Yz ) e ) _uz)

Sz nz™)

. . B(z™') y(z™)
-1 —
Sensitivity function X System Y(z )A(z—l) =D

L)\f@\ =N ' @ , é '
| université g Cae -~




Controller Design

Parameters choice I:> Shaping of the usual sensitivity functions

Sensitivity function High pass filter ——— Disturbance rejection v,(t)
Bandwidth s Dynamics

Modulus Margin _____, Robustness / modeling errors

Complementary Sensitivity function Low pass filter ————> Noise rejection / y(t)

Bandwidth ——>  Dynamics
Sensitivity function x Controller Low pass filter —————> Noise rejection / u(t)
Bandwidth —> Dynamics

Sensitivity function x System High pass filter ————> Disturbance rejection Vy(t)
Bandwidth ——> Dynamics
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