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Outline

1 - Minimal variance control

J®) =¢ ((y(t +d+1) -y (t+d+ 1))2)

2 - One step ahead predictive control

J@®) =& (e +d+ D=y +d+ D) +aDg Hu)?)

3 - One step ahead predictive control with frequency weighting

Ju®) = ¢ ((y(t +d+1) -y (t+d+ 1) + /,t(uf(t))z)
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Minimal Variance Control
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The criteria

Find the control value u(t) that minimizes the following criteria

Jlu®)) = e ((y(t +d+1D) -y (t+d+ 1))2)

Optimal prediction

F(g™") B(q HE(@ D@
O LT P

yE+j/t) = u(t+j—-d-—1)

j=d+l

F(g™") B(q HE(@ " )D(@™)

yt+d+1/t) = Cla D) y(t) + C(D

u(t)

C(q™) =A@ D@ DE@ ) +q 'F(@™)

e
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Derivation of the criteria

Ju(®) = (Mt +d+1) -y (t+d+ 1))2)

Ju@®) =¢ ((y(t +d+1/t) —y*(t+d+ 1))2)

Derivation
aJ(u(t)) 9yt +d+1/t)
= v(t +d 1/t) —vy*(t+d 1
(D 20t +d+1/) —y*(t+d+ 1)) G
6)7(t+d+1/t) _ boeodo_boeo _ b
du(t) - Co B Co — 70
o] (u(t))
= v —y* ]_ =
50D 0=>@H(E+d+1/t)—y*@t+d+1))=0
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Linear Time Invariant controller structure

oJ (u(t))

C du(t) =02 +d+1/t) —y* (t+d+1))=0

B jt+d+1/0) =y (+d+1)

F(g™") B(q YE(@ ")D(q ™)
:> v+ c(qg™")

ult) =y (t+d+1)

D POy + B(gHE(@ D@ Du) = C(g Dy (¢ +d + 1)

B | R(g Dy +S(q~Dul) = T(q Dy (t +d + 1)
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Closed-loop analysis

Uy (t) J/ U(t) Uy (t)

|

o, w) y(t)

+

v, (t) Input disturbance (low frequency)

R

v, (t)  Output disturbance (low frequency)

y*(t) Reference sequence

n® Noise mesurements (high frequency)
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Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)
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Closed-loop performances

~ Characteristic polynomial

P(z7')=Az")S(z™H) +q 4 'B(zHR(z™)
= A(zVE@E DB IDE ™) + ¢ B F ()
=B ) (A DEGC DG +q T F @)

=B(z™YHc(z™)

/'\ B(zY) and C(z™Y) MUST be stable polynomials (Hurwitz)

IN{A=N '
/ k université de Cae REYC."



Closed-loop performances

Output tracking performances

B(g~Hr(a™") Y () = B(g~Hc(a™t

Pc(q™1) B(g~1)C(q

y(t) = =Y "(t) =y ()

|::> Perfect tracking !!

Disturbance rejection performances

y(©) = 2 gy = B BTy - BT ()= g g1y (1)

Pc(@™h) B(q~HC(g™h) Cl@™H)

=) y® -y ©) =E(qy® =y (t/t—d - 1)

Minimal Variance Control
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Closed-loop performances

ut tracking performances

A~ HT(@™) | A(@™h)
P.(q71) yietd+1)= B(g~1)

|::> Inversion of the model!!

u(t) =

y*(t+d+1)

I:> High Energy consumption and input saturation problem

Input rejection performances

_ R@™ B F(g™h)
w0 =0 =~ pemee YO
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One step ahead predictive control
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The modified criteria

Find the control value u(t) that minimizes the following criteria

J@®) =& ((re+d+ D=y @ +d+ D) +udg Huw)?)

AL

Additionnal term energy consumption term

U = 0= Minimal Variance Control

Ju®) =@t +d+1/0 -yt +d + 1))+ p(Dg Hu(0))?
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Derivation of the criteria

Ju®) = (Pt +d+1/0 —y* (¢t +d + 1)) + u(D (g Hu(0))?

aJ (u(t)) 9P(t+d+1/t)

=2(9(t+d+1/t) —y*(t+d+ 1))

d(D(g~Hu(t))
du(t)

ou(t) du(t)

+2uD (g~ Hu(t)

09(t +d +1/t)  boeody
du(t) o 0

d(D(q~HDu(r))  o(t) + dyu(t — D+.. +dpqu(t —ng))
du(t) B ou(t) B
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Derivation of the criteria

af
|:> ]a(;((tt))) = 2b0(37(t +d+1/t)—y*(t+d+ 1)) + 2uD (g~ Hu(t)

oJ (u(t))
ou(t)

b
= 0=D(g Du(t) = f(y*(t +d+1) =9t +d+1/t))
I::} Let us introduce the prediction equation to replace y(t +d + 1/t)

Operate by Clg~HD(g~Hu(t) = %(C(q_l)y*(t +d+1)—-Cl@gHpt+d+ 1/t))
Clg™h
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Linear Time Invariant controller structure

C C(qg~HD(g Hu(t) = %(C(q‘l)y*(t +d+1)—-C@Vyt+d+1/t))

Introduce the prediction equation

Clg)D(q Hu(t) = %(C(q_l)y*(t +d+1)—F(q )y(t) — E(@)B(@™)D(q Hu(t))

b by
{;‘) E(q ")B(q " )D(q™") +C(q‘1)D(q‘1)}u(t) + ?F(q Dy() = y(t+d+1)

S(g~Hult) + R(g y@) = y'(t+d+1)
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Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)
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Closed-loop performances

Characteristic polynomial

Pz =4S ) +q¢ B HRE™

= A(z™Y) {%E(Z‘l)B(z_l)D(z_l) + C(z—l)D(z—l)}

+ q"d‘lB(z‘l)%F(z‘l)
= A(z‘l)C(z‘l)D(z‘1)+% Bz DA DEE DD ) +q 4 F(z 1)}

|:> Introduce the prediction equation

P(z7") = A(z7)C(z™)D( ) +-2 Bz )C (™)

P.(z)) = C(z7Y) {A(z-lw(z-l) + %B(rl)}
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Equivalent implementation scheme

D(g YHu(t) = %(y*(t +d+1)—9(t+d+1/t))

y(t)

Pt +d+1/t)
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:-E S5 Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

=Cz ) {AE D) + %B(Z_l)} PGz ) =4 HD(E™D) + IL—OB(Z_l)

A single synthesis parameter : root-locus tool

N {2\ = ’ (
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Tracking performances

by ~1 -1
_BHT@™Y o wB@CT) C bBG
Y O B S (T R R N X CEO L
y@™) by BE) _by B

:> yi(zT) u Pr(z™1) U A(z~H)D(z™1) -I-%B(Z_l)

|:> Tracking dynamics does not depend on the predictor

Static performances
b, B(1)
H A(D)D(D) +%B(1)

No bias

=1=>D(1)=0

=>D(@gH=010-q¢HD'(g™YH) Integral action
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Disturbance rejection

S(q™h

C y(t) = Pc(q_l)v(t) S(@=") =D(q™ ") (%E(q‘l)B(q‘l) + C(q‘l))

pa) (%25 B(a)+Cla™)
= y® = caDPfa D) v{t)

oS e+ 0™

- c(@DP(q D) b’ M

 (Beram(a)+0@)

- Pr@ D y(®)

I:> Pf(q_l) Hurwitz |:> Disturbance rejection
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université ge Cae

q

@ =] GREYC g




One step ahead predictive control
with input frequency weighting
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i | The modified criteria

g“iﬁd the control value u(t) that minimizes the following criteria

Ju(t)) =¢ ((y(t +d+1)—y*(t+d+ 1))2 + u(uf(t))z)

w(g™)
H(g™1)

u(t) 1 = Dolto
Wo

4G

Hig D) is called Input Frequency Weighting
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Derivation of the criteria

Ju@)=@t+d+1/t) —y*(t+d+ 1))2 + u(uf(t))2

oJu®) .. . 9P(t+d+1/t)
(D =2(9(t+d+1/t) —y*(t+d+ 1)) 50D
0 t
+2uup (t) (;Lf (EL)))

09(t +d +1/t)  boeody

du(t) Co 0
o(ur () wo
du(t)  hg
DV@E N
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Derivation of the criteria

57
— gﬁ‘((tt))) =2by(P(t+d+1/) —y*(t+d+ 1))+ zu;lv—;’uf(t)
aJ boh
]aSL((tt))) = 0= ur(t) = MOW;’ (y*(t +d+1)—y(t+d+ 1/t))

I::} Let us introduce the prediction equation to replace y(t +d + 1/t)

Operate by C(q_l)uf(t) — (C(q‘l)y*(t +d+1)—-Cl@gHpt+d+ 1/t))
Clg™h
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Linear Time Invariant controller

(@ Dus@) ={C(@Hy*"t+d+1)—-F(@Hy@®) —E(@")B(@)D(@ Du(t)}

|:> Let us introduce the relation between ug(t)and u(t)

Operate by C(g™HH(g () = H(gH{C(@ Dy (t+d +1) — F(g Dy (t) — E(@ B (gD (g~ Hu(t)}

H(g™)
Clg™ YW (g Hu(t) =H(@H){C(@ Dy*(t+d+1)—F(g)y(t) — E(@)B(g " )D(g Hu()}
I:> {C(gHW (@) +H(@ DE(@@HB(@ D@ HIul) + y(t) = y't+d+1)
S~ Hut) + y(t) = y'(t+d+1)
LN k‘\ N
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Disturbance rejection

S(q™h

v(t) S(@H) =C(qHOW(@ ) +H(@ DE@ B D™
P.(q7™)

y(t) =

b y(t) = C(q‘l)W(q‘l)+H(;zc‘(;)i()q‘1)8(q‘1)D(q‘l)v(t)

_ ClaY)w(q ")+H(q )E(q~")B(q~)D(q7") c(q7!
B Pc(q~1) D(q~1)

y(t)

I:> P.(g™YH Hurwitz but D(q™1) is not a Hurwitz polynomial

|:> Disturbance rejection < D(q™ 1) factorizes S(q™1)

o W@hH=D@hHe@™")

E) S =D@H{C@H6(@™) +HigDE@ DB ™)

@ =] GREYC g
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Closed-loop performances

Alg Hy() = q_d_lB(q_l)(u(t)) + v(t) System equation

RlgHy®) +S(@ Hu@®)=T{@ Hy*t+d+1) Controller equation

Output performances

BlaHT(@™ , . S
S TR R A TP

v(t)

Input performances

A -1 T -1 R -1
u(t) = (qp (21_(16; )y*(t +d+1)— P((Z_l))

v(t)
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Closed-loop performances

racteristic polynomial S(g7) = D(g"H{Ca )6 (g™ + H(g™DE(G B}

P(g~") =A(@S(@ ") +q *“'B(@HR(@™)
= A(@ HD(g H{Clg MG ™)

+H(g " )E(@ DHB(@ D} +q7 ¢t B(gDH(@ F(@ ™)

= Ag)C(@ID(aHG6(qH*+B(q D@ A DEQ DG + a7 F (g D)

=) P =CgH{A@@ DG (™) + BlgHH(G™D)

@ =] GREYC g
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Equivalent implementation scheme

ur(t) = (y*(t+d+1) -9 +d+1/t))

y(t)

Pt +d+1/t)
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Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

y(t+d+1)

P(z71) = Cz"DH{AE"HD(z" N6 (™) + B(z"HH(z™ D)}

Frequency weighting synthesis : pole placement or frequency design
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Equivalent scheme for stability analysis

v(t) =0=2P(t+d+1/t)=y(t+d+1/t) =q%1y(t)

y(t)

y(t+d+1)

P(z71) = Cz"DH{AE"HD(z" N6 (™) + B(z"HH(z™ D)}

Frequency weighting synthesis : pole placement or frequency design
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Tracking performances

o _ B(@HT@™h () = B(q~")H(q " )C(q™") .
YO e Y T e h@GE pE 66 + B HHE ) D
y ™ _ B()H(™)

D 3@ H A DD HGE D + B DHE Y

|:> Tracking dynamics does not depend on the predictor

Static performances

| B(1)H(1)
No bias  mmm) ADMGM +BMAM 7P =0

DigHy=0-qgYHD'(g™}) Integral action

@ =] GREYC g
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Semi - Perfect and Perfect tracking

If one choses T(q~') such that

C T =5 Pe@™
y(z) _B@EHTE™) _ Bz Semi-perfect
I:> y*(z71)  P(z7))  BQ) |—> tracking

Moreover, if one choses T(q™ ') such that

Az YD He(zYHY)+B(z HYHEYH) =BE"HM(Ez™)

T(z™H) =M1

:> ;’*((ZZ—_ll)) _ B(Z}Zl()z’ligi‘l) _ f}gj;ﬁgj; —1 |::> Perfect tracking

! Perfect tracking IF AND ONLY IF B(q~') HURWITZ

@ ..%j GREYCEa
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Disturbance rejection

S(q™h

C y(t) = Pc(q_l)v(t) S(@=") =D(q™ ") (%E(q‘l)B(q‘l) + C(q‘l))

pa) (%25 B(a)+Cla™)
= y® = caDPfa D) v{t)

oS e+ 0™

- c(@DP(q D) b’ M

 (Beram(a)+0@)

- Pr@ D y(®)

I:> Pf(q_l) Hurwitz |:> Disturbance rejection
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Exercice on Matlab / Simulink
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