g Predictive control

Olivier Gehan

Ensicaen

olivier.gehan@ensicaen.fr

g NN Ca,’ @ ‘é’!m!!u’ REYC g s



Outline

“ g |

I Introduction

II Linear optimal prediction

ITI One step ahead predictive control

é\i@ﬁﬁ“ " Ca,’ @ ‘é’!mg!u’ REYC g &



Some mathematical définitions

t=kT, =)  x(t) 2 x(kT,)
t—i=(k—0)T,

Shift operator
g tx(t) = x(t — i)
P(g™") = po +p1q™" +p2q7% . +Drq P

Pl Dx(®) = pox(t) + p1x(t — 1) + pyx(t —2) + -+ + ppx(t — n)

Derivation

oP(q~1)x(t) _ _
dx(t—i) = Pi
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Class of systems

—

Al Dy() = g7 B(g Hu(t)+v(t) Model of the system

—<\D(q_1)v(t) =C(@ Hy®) Disturbance model
-
Y(z 1) = Z_Zg:i(f)_l) UG+ (Zl_l) Viz™D)
Ve =1 ( 3 =)  Disturbance Former Filter
LN{A=N
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Class of systems

AGQ™) = 1+ @107t + apq 2. ap g

B(q™") = by + biq™" + bq~*+.. bn,q™ "
Clg D) =co+ciq7t +cyqg%+.. cncq_nc

D(g™) =1+diq7* + dpq *+.. dp g™

Disturbance Former Filter /Y\

Step D(gH)=1-q1

1 . The nature of the disturbance
Ramp  D(q™)=({1-q") is completely described by D(q™")

: -1\ -1 -2
Sinus  D(q™") =1-2cos(wTp)q™" +gq (™) only acts as a filter
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Class of systems

Z—d—lB(Z—l)

C(z™Y)
A(z71)D(z™1)
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Linear prediction

y(t)
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Optimal Linear Prediction

Pt +j/t) Optimal output prediction of y(t + j) using the
avalaible measurements at time t

yit+j/t) =y +j)—y({t+]j/t) Optimal output prediction error

Properties of an optimal prediction
eyt +j/t)}=0 No bias

s{(y(t +j/t))2} minimal
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Decomposition tools

Al Dy () = ¢4 B(g Hu@®)+v(t)

We operate

g D(q™ MA@y () = ¢~ 'D(gHB(q Hu(t)+ D(g™") v(t)
by D(g™")
il D(g~HA@@ Dyt +)) =q 4 D@ HB(g Dult + )+ D(g™") v(t+))

Using disturbance D(q_l)A(q_l)y(t +j) = q_d_lD(q_l)B(q_l)u(t + )+ C(q_l) y(t+))

—
model

q % 1B(q™Y) . C(g~Y)
290D T 2D

y(t+)) = y(t+)
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Decomposition tools

L _ 4 “'B(q™H . C(q™)
YD =A@ o T a0

— l

Depends on

y(t+))

Depends on

The past values of u(t) : known The past values of y(t) :avalaible

The future values of u(t) : can be known The future values of v(t): unknown

Why y(t) is avalaible a time t ¢

Al HDy() = ¢4 B(g~ Hu@®)+v(t)

!

v(t) = Al Dy (@) — q 4 B Hu(®)
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Decomposition tools

Why y(t) is avalaible a time t ¢

Al Dy() = ¢4 B(g Hu@®)+v(t)

!

v(t) = A(g Dy () — g * B Hu(t)

!

D(g~")v(t) = D(g"DA(@ Dy®) —q 4 'B(qg~ D (g Hu(t)

!

D(g"HA(q™) 0 — B(q~)D(q™")
c@D C(q™)

y(t) = ult—d—-1)

Y(t) can be calculated using the values of y(t) and u(t)
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Decomposition tools

q “'B(q™") C(q™")

C YE+D = a0 D A ng T Y

C(qg~t . .
- (q—1(§1 - (21_1)y(t+j) depends on \V(t"‘J),V(t*‘J—l), e V(t+1})()/(t),)/(t—1),-- |
| |
unpredictible Can be
calculated
Objective Separate the unpredictable part

and the avalaible part
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A polynomial division

C(qg™h)
A(@~1)D(@q™1)

Fi(g™)
A(q~1)D(q™1)

=E(@ ") +q”/
—ne

Ei(@) =ey+eq ' +e,q %+ ey,.q

F(@™ =fo+ fig + f247°+. fnqu_nfj

Another useful formulation

C(g™") =A@ D@ ME(@ ) +q7/F(g™

Remark Simular to the diophantine equation
(useful for Matlab /Simulink implementation)



A polynomial division

At which rank to we decide to stop the division ¢ nej =j -1

C(qg™")
A(q~1)D(q™1)

Fi(g™)
A(q~H)D(q™1)

y(t+) =E(@Dyt+j)+q7’ y(t+))

Ei(@Dy(t+)) =ey(t+))+eyt+j—D+..+e_1y(t +1) Unpredictible part

e Fi(g) ~_ F@ |
: A(g~1)D(q™1) y(E+)) = Al HD(q 1) y() Avalaible part
nej =j—1

nef < max(n, +nyg —1L,n.+j)
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Using the polynomial division

Al Dyt + ) = g~ 1B(g Hult + j)+v(tH)

|
D(qg DA Dyt +j)=q Bl )D(@ Hult + )+ D(g™*) v(t+))
|
D(@ HAWQ@ Dy +))=q Bl D@ Dult + N+ g Dyt +))
E(g)D(qg HAQ@ Dyt +))=q*B(@HEQ@ HD(@ Dult+ N+ EQ@ ) Cl@Hyt+))
}

(€@ ") —q/Flg Dyt +))=q*Bl@DE@ D@ Dult + N+ E@™") Cl@ Dyt +))

!

Clg Dyt+)= q'F@Hy+)+q B DE(QQ D@ Hult+))
+E(q™") C(q Dyt +))



Using the polynomial division

Cy(t +) = gy (@ + P e 4 —d = D4 E(g ) e+ )

l

unpredictible
The optimal prediction
. _F(@"h B(q~Y)E(@~H)D(q™) .
yE+j/t) = C(q_l)y(t) + Cla D) u(t+j—-d-1)
U\i@fn\l
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Is the prediction optimal ¢

y+j/t)=yt+))—yE+j/t)
JE+j/t) =E@Dyt+)) =eyt+j)+teyt+j—D+.+e_1y(t+1)

Mean value

et +j/0} = {eoyt +)) + ey (t +j — D+.+e_1y(t + 1)}

Jj—1
=€ (Z{eky(t +j - k)}>

k=0

j—1
= Y {es(rt +j - )}
_Ok=0
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Is the prediction optimal ¢

e{(7t+j/0))°}

LﬁJ(g‘E?ﬁJ
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s{(eoy(tﬁ-j)4'€1Y(t4if"1)+"+1?—1y(t4_1))2}

J

1j-1
4 ) eyt +j = Dy(E+)— k) }

i=0 k=0
j-1
> e el(re)?)
=0
j-1

=0
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Conclusion

o bias

eyt +j/t)}=0

Minimal Variance

j—1
(y(t +J/t)) e;2 o2

(=0

Prediction dynamics imposed by C(q™1)

F -1 B -1 E -1 D -1
9t +)/t) = Cﬁg_liﬂm Y )CEZ_Q 9 e rj—a-1)
U\i@fl\l
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Exercice using Matlab / Simulink

C optimal prediction is not causal
F(g™) B(qg~HE(@ ")D(@™H)

yE+j/t) =m)’(t)+ C(D

5 Depends on the future values of the control variable
Can not be simulated using Simulink

u(t+j—d—1)

We are going to simulate $(t/t — j)

y(t—3) | y(t)

)

time

—>  Let’s go to Matlab
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